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Abstract
Recently, Komastu introduced the concept of poly-Cauchy numbers and polynomials which
generalize Cauchy numbers and polynomials. In this paper, we introduce new generaliza-
tion of poly-Cauchy and poly-Bernoulli numbers and polynomials. Also, we introduce new
generalizations of Cauchy numbers and polynomials. Moreover, we derive some identities
involving the new numbers and polynomials and some types of Stirling numbers. These
gives generalization of some relations poly-Cauchy and poly-Bernoulli numbers and poly-
nomials. Furthermore, we obtain some relations between the multiparameter poly-Cauchy
numbers and polynomials and new multiparameter poly-Bernoulli numbers and polyno-
mials.
Keywords: Cauchy numbers; Poly-Cauchy numbers; poly-Bernoulli numbers; Stirling
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1. Introduction
Comtet [6] introduced two kinds of Cauchy numbers: The first kind is given by
Cn =
∫ 1
0
(x)ndx, n ∈ Z≥0 (1.1)
and the second kind is given by
Cˆn =
∫ 1
0
(−x)ndx, n ∈ Z≥0, (1.2)
where (x)n = x(x−1)...(x−n+1). In [12], Komatsu introduced two kinds of poly-Cauchy
numbers: The poly-Cauchy numbers of the first kind C
(k)
n as a generalization of the Cauchy
numbers are given by
C(k)n =
∫ 1
0
...
∫ 1
0
(x1x2...xk)n dx1dx2...dxk, (1.3)
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and the poly-Cauchy numbers of the second kind Cˆ
(k)
n are given by
Cˆ(k)n =
∫ 1
0
...
∫ 1
0
(−x1x2...xk)n dx1dx2...dxk . (n ∈ Zn≥0, k ∈ N) (1.4)
The generating function of poly-Cauchy numbers [12] is given by
Lifk (ln (1 + x)) =
∞∑
n=0
C(k)n
xn
n!
,
where
Lifk(z) =
∞∑
m=0
zm
m!(m+ 1)k
,
is the k − th polylogarithm factorial function.
An explicit formula for C
(k)
n , see [12] is given by
C(k)n =
n∑
m=0
s(n,m)
(m+ 1)k
, (n ≥ 0, k ≥ 1) (1.5)
where s(n,m) are Stirling numbers of the first kind, see [9].
Komatsu [14] introduced two kinds of poly-Cauchy numbers with a q parameter: The
poly-Cauchy numbers with a q parameter of the first kind C
(k)
n,q are given by
C(k)n,q =
∫ 1
0
...
∫ 1
0
(
n−1∏
i=0
(x1x2...xk − iq)dx1dx2...dxk , (n ≥ 0, k ≥ 1) (1.6)
and the poly-Cauchy numbers with a q parameter of the second kind Cˆ
(k)
n,q are given by
Cˆ(k)n,q =
∫ 1
0
...
∫ 1
0
(
n−1∏
i=0
(−x1x2...xk − iq)dx1dx2...dxk. (n ≥ 0, k ≥ 1) (1.7)
On the other hand, in 1997 Kaneko [11] introduced the poly-Bernoulli numbers B
(k)
n by
Lik (1− e
−x)
1− e−x
=
∞∑
n=0
B(k)n
xn
n!
, (1.8)
where
Lik(z) =
∞∑
m=1
zm
mk
, (1.9)
is the k − th polylogarithm function.
An explicit formula for B
(k)
n , see [13] is given by
B(k)n = (−1)
n
n∑
m=0
S(n,m)
(−1)mm!
(m+ 1)k
(n ≥ 0, k ≥ 1) , (1.10)
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where S(n,m) are Stirling numbers of the second kind, see [9].
In Section 2, we present multiparameter poly-Cauchy numbers of the first kind and show
that some results given in [12, 14, 15] are special cases of our result. In Section 3, we define
multiparameter poly-Cauchy numbers of the second kind and obtain some relationships
involving different types of Stirling numbers. In Section 4, we define new generalization of
Bernoulli numbers and derive some identites involving the new generalized poly-Cauchy
numbers. Finally, in Section 5, we define multiparameter poly-Cauchy polynomials and
multiparameter poly-Bernoulli polynomials and derive some relationships between multi-
parameter poly-Cauchy polynomials and multiparameter poly-Bernoulli polynomials.
2. Multiparameter poly-Cauchy numbers of the first kind
Definition 2.1. Let n ≥ 0, k ≥ 1 be integers, α = (α0, α1, ..., αn−1) be a sequence of real
numbers and L = (ℓ1, ℓ2, ..., ℓk) be non-zero real numbers. The multiparameter poly-Cauchy
numbers of the first kind C
(k)
n,L(α) are defined by
C
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n−1∏
i=0
(x1x2...xk − αi) dx1dx2...dxk. (2.1)
We investigate some special cases:
Case 1 Setting αi = i, i = 0, 1, ..., n − 1, L = (1, 1, ..., 1) in (2.1), we have
C
(k)
n,L(i) = C
(k)
n , i = (0, 1, ..., n − 1) (2.2)
where C
(k)
n are poly-Cauchy numbers of the first kind, see [14].
Case 2 Setting αi = iq, i = 0, 1, ..., n − 1 in (2.1), we have
C
(k)
n,L(iq) = C
(k)
n,q,L, i = (0, 1, ..., n − 1) (2.3)
where C
(k)
n,q,L are extension of poly-Cauchy numbers with a q parameter, see [14].
Case 3 Setting αi = iq, i = 0, 1, ..., n − 1, L = (1, 1, ..., 1) in (2.1), we have
C
(k)
n,L(iq) = C
(k)
n,q , i = (0, 1, ..., n − 1) (2.4)
where C
(k)
n,q ar ethe poly-Cauchy numbers with a q parameter, see [14].
If k = 1 in (2.1), we define the generalized Cauchy numbers of the first kind associated
with α = (α0, α1, ..., αn−1), called multiparameter Cauchy numbers of the first kind, by
Cn,α =
∫ ℓ
0
(x− α0) (x− α1) ... (x− αn−1) dx. (2.5)
Case 4 Setting αi = i, i = 0, 1, ..., n − 1 in (2.5), we have
Cn,i = Cn, i = (0, 1, ..., n − 1) (2.6)
3
where Cn are Cauchy numbers of the first kind, see [16].
Case 5 Setting αi = iq, i = 0, 1, ..., n − 1 in (2.5), we obtain
Cn,iq = Cn,q, i = (0, 1, ..., n − 1) (2.7)
where Cn,q are Cauchy numbers of the first kind with a parameter q, see [14].
Multiparameter poly-Cauchy numbers of the first kind C
(k)
n,L(α) can be expressed in terms
of different types of the Stirling numbers as follows:
Theorem 2.1. For a sequence of real numbers α = (α0, α1, ..., αn−1) ,
C
(k)
n,L(α) =
n∑
m=0
sα (n,m)
(m+ 1)k
(ℓ1ℓ2...ℓk)
m+1
, (2.8)
where sα (n,m) are the generalized Stirling numbers of the first kind, called Comtet num-
bers of the first kind, see [5], are defined as
(x;α)m =
m∑
i=0
sα(m, i)x
i, (2.9)
where (x;α)m =
∏m−1
i=0 (x− αi).
Proof. Using equation (2.1) and (2.9), hence
C
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n∑
m=0
sα(n,m)(x1x2...xk)
mdx1dx2...dxk,
then we obtain (2.8).
Corollary 2.1. If k = 1 in (2.8), we have the following relationship
Cn,α,ℓ =
n∑
m=0
sα (n,m)
m+ 1
ℓm+1, (2.10)
between generalized Cauchy numbers of the first kind and generalized Stirling numbers of
first kind.
Theorem 2.2. For α = (α0, α1, ..., αn−1) , we have
C
(k)
n,L(α) =
n∑
j=0
n∑
m=j
S (n,m;α) s(m, j)
(j + 1)k
(ℓ1ℓ2...ℓk)
j+1
, (2.11)
which gives a relationship of multiparameter poly-Cauchy numbers of the first kind in terms
of the multiparameter non-central Stirling numbers of the second kind and Stirling numbers
of the first kind, see [3, 8].
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Proof. Using equation (2.1) and from the definition of multiparameter non-central Stirling
numbers of the second kind, we obtain
C
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0
∑n
m=0 S (n,m;α) (x1x2...xk)m dx1dx2...dxk,
and from the definition of Stirling numbers of the first kind, we easily obtain (2.11).
Corollary 2.2. If k = 1 in (2.11), then the generalized Cauchy numbers can be expressed
in terms of the multiparameter non-central Stirling numbers of the second kind and Stirling
numbers of the first kind as
Cn,α,ℓ =
n∑
j=0
n∑
m=j
S (n,m;α) s(m, j)
j + 1
ℓj+1. (2.12)
Theorem 2.3. For α = (α0, α1, ..., αn−1) , we have
C
(k)
n,L(α) =
n∑
m=0
S(n,m;α)C(k)n , (2.13)
where S(n,m;α) are the multiparameter non-central Stirling numbers of the second kind
and C
(k)
n are poly-Cauchy numbers of the first kind.
Theorem 2.4. An explicit formula of C
(k)
n,L(α) can be expressed as
C
(k)
n,L(α) = (−1)
n
n−1∏
i=0
αi
n∑
m=0
Pm
(
−H
(1)
n,α,−H
(2)
n,α, ...,−H
(m)
n,α
)
(m+ 1)k
(ℓ1ℓ2...ℓk)
m+1
, (2.14)
where Pm (x1, x2, ..., xm) =
∑
k1+2k2+3k3...=m
1
k1!k2!...
(
x1
1
)k1 (x2
2
)k2
... is the modified Bell
polynomial, see [4, (p.308, Definition 2)] and H
(k)
n,α =
∑n−1
j=0
1
(αj)k
are the generalized
harmonic numbers, see [2].
Proof. From (2.1)
C
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0 (−1)
n (α0α1...αn−1)
∏n−1
i=0 (1−
x1x2...xk
αi
)dx1dx2...dxk
=
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0 (−1)
n (α0α1...αn−1) e
∑n−1
i=0 ln
(
1−
x1x2...xk
αi
)
dx1dx2...dxk
=
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0 (−1)
n
∏n−1
i=0 αie
−
∑
∞
j=1
∑n−1
i=0
1
(αi)
j .
(x1x2...xk)
j
j dx1dx2...dxk
=
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0 (−1)
n
∏n−1
i=0 αie
−
∑
∞
j=1
H
(j)
n,α
j
(x1x2...xk)
j
dx1dx2...dxk,
then we obtain (2.14).
3. Multiparameter poly-Cauchy numbers of the second kind
Definition 3.1. Let n ≥ 0, k ≥ 1 be integers, α = (α0, α1, ..., αn−1) be a sequence of real
numbers and L = (ℓ1, ℓ2, ..., ℓk) be non-zero real numbers. The multiparameter poly-Cauchy
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numbers of the second kind Cˆ
(k)
n,L (α) are defined by
Cˆ
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n−1∏
i=0
(−x1x2...xk − αi) dx1dx2...dxk. (3.1)
We investigate some special cases:
Case 1 Setting αi = i, i = (0, 1, ..., n − 1), L = (1, 1, ..., 1) in (3.1), we have
Cˆ
(k)
n,i,L
= Cˆ(k)n , i = (0, 1, ..., n − 1), (3.2)
where Cˆ
(k)
n are poly-Cauchy numbers of the the second kind, see [12].
Case 2 Setting αi = iq, i = (0, 1, ..., n − 1) in (3.1), we have
Cˆ
(k)
n,iq,L
= Cˆ
(k)
n,q,L, i = (0, 1, ..., n − 1), (3.3)
where Cˆ
(k)
n,q,L are extension of poly-Cauchy numbers with a q parameter, see [15].
Case 3 Setting αi = iq, i = (0, 1, ..., n − 1), L = (1, 1, ..., 1) in (3.1), we have
Cˆ
(k)
n,iq,L
= Cˆ(k)n,q , i = (0, 1, ..., n − 1), (3.4)
where Cˆ
(k)
n,q are poly-Cauchy numbers with a q parameter, see [14].
Also, we define the generalized Cauchy numbers of the second kind associated with α =
(α0, α1, ..., αn−1), called multiparameter Cauchy numbers of the second kind, by
Cˆn,α =
∫ ℓ
0
(−x− α0) (−x− α1) ... (−x− αn−1) dx. (3.5)
Case 4 Setting αi = i, i = 0, 1, ..., n − 1 in (3.5), we have
Cˆn,i = Cˆn, i = (0, 1, ..., n − 1) (3.6)
where Cˆn are Cauchy numbers of the second kind, see [16].
Case 5 Setting αi = iq, i = 0, 1, ..., n − 1 in (3.5), we obtain
Cˆn,iq = Cˆn,q, i = (0, 1, ..., n − 1) (3.7)
where Cˆn,q are Cauchy numbers of the second kind with a parameter q, see [14].
Theorem 3.1. Cˆ
(k)
n,L(α) can be expressed in terms of the signless generalized Stirling num-
bers of the first kind as
Cˆ
(k)
n,L(α) =
n∑
m=0
(−1)n|sα(n,m)| (ℓ1ℓ2...ℓk)
m+1
(m+ 1)k
, (3.8)
where |sα(n,m)| are the signless generalized Stirling numbers of first kind, see [5].
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Proof. Using equation (3.1), from the definition of the signless generalized Stirling numbers
of the first kind, we obtain (3.8).
Corollary 3.1. If k = 1 in Theorem 3.1, we have
Cˆn,α =
n∑
m=0
(−1)n|sα(n,m)| (ℓ)
m+1
m+ 1
, (3.9)
which gives the generalized Cauchy numbers of the second kind in terms of the signless
generalized Stirling numbers of the first kind.
Theorem 3.2. For α = (α0, α1, ..., αn−1) , then the multiparameter poly-Cauchy numbers
of the second kind can be expressed in terms of the multiparameter non-central Stirling
numbers of the first kind, Lah numbers, see [17, p. 5] and poly-Cauchy numbers of the
first kind as follows
Cˆn,L(α)
(k) =
n∑
ℓ=0
n∑
m=ℓ
s (n,m;α)L(m, ℓ)C
(k)
ℓ . (3.10)
Proof. From (3.1) and the definition of the multiparameter non-central Stirling numbers
of the first kind, we have
Cˆ
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n∑
m=0
s (n,m;α) (−x1x2...xk)m dx1dx2...dxk,
from definition of Lah numbers
(−x1x2...xk)m =
m∑
ℓ=0
L(m, ℓ)(x1x2...xk)ℓ,
then
Cˆ
(k)
n,L(α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n∑
m=0
s (n,m;α)
m∑
ℓ=0
L(m, ℓ)(x1x2...xk)ℓdx1dx2...dxk,
and from the definition of poly-Cauchy numbers of the first kind, yields (3.10).
Corollary 3.2. If k = 1 in (3.10), we have the following relationship
Cˆn,ℓ1(α) =
n∑
ℓ=0
n∑
m=ℓ
s (n,m;α)L(m, ℓ)Cℓ1 , (3.11)
between the generalized Cauchy numbers of the second kind, the multiparameter non-central
Stirling numbers of the first kind, Lah numbers and Cauchy numbers of the first kind.
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4. Multiparameter poly-Bernoulli numbers
We define the multiparameter poly-Bernoulli numbers B
(k)
n,α,L in terms of the generalized
Stirling numbers of the second kind as
B
(k)
n,α,L =
n∑
m=0
(−1)n−mm!
Sα(n,m)m!
(m+ 1)k
(ℓ1ℓ2...ℓk)
m+1
, (4.1)
where Sα(n,m) are the generalized Stirling numbers of the second kind, see [6].
Theorem 4.1. The generating fuction of B
(k)
n,α,L is given by
∞∑
n=0
B
(k)
n,α,L
tn
n!
=
∞∑
j=0
n∑
m=j
(−1)mm!
e−tαj
(m+ 1)k(αj)m
(ℓ1ℓ2...ℓk)
m+1
, (4.2)
where (αj)m =
∏m
i=0
i 6=j
(αj − αi) .
Proof. From equation (4.1), then
∞∑
n=0
B
(k)
n,α,L
tn
n!
=
∞∑
n=0
n∑
m=0
(−1)n−m
Sα(n,m)m!
(m+ 1)k
(ℓ1ℓ2...ℓk)
m+1 t
n
n!
=
∞∑
m=0
(−1)m
m! (ℓ1ℓ2...ℓk)
m+1
(m+ 1)k
∞∑
n=m
Sα(n,m)
(−t)n
n!
,
and from the generating function of the generalized Stirling numbers of the second kind,
see ([6], Eq.(9)), yields (4.2).
In addition, there are some relationships between Cˆ
(k)
n,L(α) and B
(k)
n,α,L
Theorem 4.2. For n ≥ 0, we have
Cˆ
(k)
n,L(α) =
n∑
j=0
n∑
m=0
(−1)n
sα(m, j)|sα(n,m)|
m!
B
(k)
j,α,L, (4.3)
B
(k)
n,α,L =
n∑
j=0
n∑
m=0
(−1)n−m
Sα(m, j)Sα(n,m)
m!
Cˆ
(k)
j,L(α). (4.4)
Proof. For the first identiy, we have
RHS =
n∑
j=0
n∑
m=0
(−1)n
sα(m, j)|sα(n,m)|
m!
B
(k)
j,α,L
=
n∑
m=0
(−1)n
|sα(n,m)|
m!
n∑
j=0
sα(m, j)
j∑
i=0
(−1)j−ii!
Sα(j, i)
(i + 1)k
(ℓ1ℓ2...ℓk)
i+1
=
n∑
m=0
|sα(n,m)|
m!
n∑
i=0
i!
(ℓ1ℓ2...ℓk)
i+1
(i+ 1)k
n∑
j=i
(−1)j−isα(m, j)Sα(j, i),
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from
n∑
j=i
(−1)j−isα(m, j)Sα(j, i) =
{
1 if i = m
0 if i 6= m,
then we obtain (4.3).
Similarly, we can prove (4.4).
If we put k = 1 in Theorem 4.2, we have the following Colorllary:
Corollary 4.1. For n ≥ 0, we have
Cˆn,α =
n∑
j=0
n∑
m=0
sα(m, j)|sα(n,m)|
m!
Bj,α, (4.5)
Bn,α =
n∑
j=0
n∑
m=0
(−1)n−m
Sα(m, j)Sα(n,m)
m!
Cˆj,α. (4.6)
Theorem 4.3. For n ≥ 0, we have
C
(k)
n,L(α) =
n∑
j=0
n∑
m=0
sα(m, j)sα(n,m)
m!
B
(k)
j,α,L, (4.7)
B
(k)
n,α,L =
n∑
j=0
n∑
m=0
(−1)n−m
Sα(m, j)Sα(n,m)
m!
C
(k)
j,L(α). (4.8)
Setting k = 1 in Theorem 4.3 , we otain the following Colorally
Corollary 4.2. For n ≥ 0, we have
Cn,α =
n∑
j=0
n∑
m=0
sα(m, j)sα(n,m)
m!
Bj,α, (4.9)
Bn,α =
n∑
j=0
n∑
m=0
(−1)n−m
Sα(m, j)Sα(n,m)
m!
Cj,α. (4.10)
5. Multiparameter poly-Cauchy and multiparameter poly-Bernoulli polyno-
mials
Definition 5.1. Multiparameter poly-Cauchy polynomials of the first and second kind,
respectively, are defined by
C
(k)
n,L(z;α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n−1∏
i=0
(x1x2...xk − αi − z) dx1dx2...dxk, (5.1)
Cˆ
(k)
n,L(z;α) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n−1∏
i=0
(−x1x2...xk − αi + z) dx1dx2...dxk. (5.2)
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Setting k = 1 in (5.1) and (5.2), we can define the generalized Cauchy polynomials of the
first and second kind as follows
Definition 5.2. Generalized Cauchy polynomials of the first and the second kind, respec-
tively, are defined by
Cn,α(z) =
∫ ℓ
0
(x− α0 − z) (x− α1 − z) ... (x− αn−1 − z) dx, (5.3)
Cˆn,α(z) =
∫ ℓ
0
(−x− α0 + z) (−x− α1 + z) ... (−x− αn−1 + z) dx. (5.4)
Theorem 5.1. i) C
(k)
n,α,L(z) are expressed in terms of the generalized Stirling numbers of
the first kind as
C
(k)
n,L(z;α) =
n∑
i=0
n∑
m=i
(−1)i
(
m
i
)
sα (n,m) (ℓ1ℓ2...ℓk)
m−i+1
(m− i+ 1)k
(z)i, (5.5)
ii) Cˆ
(k)
n,L(z;α) are expressed in terms of the signless generalized Stirling numbers of the first
kind as
Cˆ
(k)
n,L(z;α) =
n∑
i=0
n∑
m=i
(−1)i+n
(
m
i
)
|sα (n,m) | (ℓ1ℓ2...ℓk)
m−i+1
(m− i+ 1)k
(z)i. (5.6)
Proof. For the first identity, from (5.1) and the definition of the generalized Stirling num-
bers of the first kind, we obtain
C
(k)
n,L(z;α) =
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0
∑n
m=0 sα (n,m) (x1x2...xk − z)
m
dx1dx2...dxk
=
∫ ℓ1
0
∫ ℓ2
0 ...
∫ ℓk
0
∑n
m=0 sα (n,m)
∑m
i=0
(
m
i
)
(−z)i (x1x2...xk)
m−i
dx1dx2...dxk
=
∑n
i=0
∑n
m=i
(
m
i
)
(−z)i sα(n,m)(ℓ1ℓ2...ℓk)
m−i+1
(m−i+1)k
.
For the second identity, from (5.2) and the definition of the signless generalized Stirling
numbers of the first kind, we obtain
Cˆ
(k)
n,α,L(z) =
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n∑
m=0
(−1)n|sα (n,m) | (x1x2...xk − z)
m
dx1dx2...dxk
= (−1)n
∫ ℓ1
0
∫ ℓ2
0
...
∫ ℓk
0
n∑
m=0
|sα (n,m) |
m∑
i=0
(
m
i
)
(−z)
i
(x1x2...xk)
m−i
dx1dx2...dxk
= (−1)n
n∑
i=0
n∑
m=i
(
m
i
)
(−z)
i |sα (n,m) | (ℓ1ℓ2...ℓk)
m−i+1
(m− i+ 1)k
.
Setting k = 1 in (5.5) and (5.6), we obtain the following Corollary.
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Corollary 5.1. Generalized Cauchy polynomials of the first kind Cn,α(z) are expressed in
terms of the generalized Stirling numbers of the first kind as
Cn,α(z) =
n∑
i=0
n∑
m=i
(−1)i
(
m
i
)
sα (n,m) (ℓ)
m−i+1
m− i+ 1
zi, (5.7)
generalized Cauchy polynomials of first kind Cˆn,α(z) are expressed in terms of the signless
generalized Stirling numbers of the first kind as
Cˆn,α(z) =
n∑
i=0
n∑
m=i
(−1)i+n
(
m
i
) |s−
α
(n,m) | (ℓ)m−i+1
m− i+ 1
zi. (5.8)
Coppo and Candelpergher [7] and Bayad and Hamahata [1] introduced the poly-Bernoulli
polynomial B
(k)
n (z) by
Lik (1− e
−x)
1− e−x
e−xz =
∞∑
n=0
B(k)n (z)
tn
n!
and
Lik (1− e
−x)
1− e−x
exz =
∞∑
n=0
B(k)n (z)
tn
n!
.
Also, Komastu [10] introduced poly-Bernoulli polynomials B
(k)
n (z) by
B(k)n (z) = (−1)
n
n∑
m=0
S(n,m)(−1)mm!
m∑
i=0
(
m
i
)
(−z)i
(m− i+ 1)k
.
Next, we introduce the multiparameter Bernoulli polynomials in terms of the generalized
Stirling numbers of the second kind as
B
(k)
n,α,L(z) = (−1)
n
n∑
i=0
n∑
m=i
(−1)mm!
(
m
i
)
Sα(n,m) (ℓ1ℓ2...ℓk)
m−i+1
(m− i+ 1)k
(−z)i. (5.9)
From the last equation and the definition of the generating function of generalized Stirling
numbers of the second kind, see [6], the generating function of B
(k)
n,α,L(z) is defined as
∞∑
n=0
B
(k)
n,α,L(z)
tn
n!
=
n∑
i=0
n∑
m=i
(−1)m
(
m
i
)
(ℓ1ℓ2...ℓk)
m−i+1 (−z)i
(m− i+ 1)k
∞∑
j=0
e−tαj∏
i=0
i 6=j
(αj − αi)
. (5.10)
Theorem 5.2. For n ≥ 0, we have
B
(k)
n,α,L(z) =
n∑
j=0
n∑
m=0
(−1)n−mSα(m, j)Sα(n,m)m!C
k
j,L(z;α), (5.11)
B
(k)
n,α,L(z) =
n∑
j=0
n∑
m=0
(−1)n−mSα(m, j)Sα(n,m)m!Cˆ
(k)
j,L(z;α). (5.12)
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and
C
(k)
n,L(z;α) =
n∑
j=0
n∑
m=0
sα(m, j)sα(n,m)
m!
B
(k)
j,α,L(z), (5.13)
Cˆ
(k)
n,L(z;α) =
n∑
j=0
n∑
m=0
(−1)n
sα(m, j)|sα(n,m)|
m!
B
(k)
j,α,L(z). (5.14)
Proof. We prove (5.11) as follows. From (5.5), we have
RHS of (5.11) =
n∑
j=0
n∑
m=0
(−1)n−mSα(m, j)Sα(n,m)m!C
k
j,L(z;α)
=
n∑
j=0
n∑
m=0
(−1)n−mSα(m, j)Sα(n,m)m!
j∑
i=0
j∑
l=i
(
l
i
)
sα(j, l)
(ℓ1ℓ2...ℓk)
l−i+1
(l − i+ 1)k
(−z)i
=
n∑
m=0
(−1)n−mSα(n,m)m!
n∑
l=0
l∑
i=0
(
l
i
)
(ℓ1ℓ2...ℓk)
l−i+1
(l − i+ 1)k
(−z)i
n∑
j=l
Sα(m, j)sα(j, l),
since
n∑
j=l
sα(j, l)Sα(m, j) =
{
1 if l = m
0 if l 6= m,
hence by (5.9) we obtain (5.11).
Similarly, we can prove (5.12).
We prove (5.13) as follows. From (5.9), we have
RHS of (5.12) =
n∑
j=0
n∑
m=0
sα(m, j)sα(n,m)
m!
B
(k)
j,α,L(z)
=
n∑
j=0
n∑
m=0
sα(m, j)sα(n,m)
m!
j∑
i=0
j∑
l=i
l!(−1)l+j
(
l
i
)
Sα(j, l)
(ℓ1ℓ2...ℓk)
l−i+1
(l − i+ 1)k
(−z)i
=
n∑
m=0
sα(n,m)
m!
n∑
l=0
l∑
i=0
l!
(
l
i
)
(ℓ1ℓ2...ℓk)
l−i+1
(l − i+ 1)k
(−z)i
n∑
j=l
(−1l+j)sα(m, j)Sα(j, l),
since
n∑
j=l
(−1)j+lSα(j, l)sα(m, j) =
{
1 if l = m
0 if l 6= m,
hence by (5.5) we obtain (5.13).
Similarly, we can prove (5.14).
References
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